B v Fr KB ALt ASEEL &2 82 X
F 0| B oF- - i

#a

B A

IEHZ

-

# 16

% (R %37

[1]. This is a prototype engineering problem that leads to an ordinary differential

equation. It concerns the outflow of water from a cylindrical tank with a hole at
the bottom. You are asked to find the height of the water in the tank at any time if
the tank has diameter 2 m, the hole has diameter 1 cm. and the initial height of the
water when the hole is opened is 2.25 m. Under the influence of the gravity the

outflowing water has velocity

W1)=0.622h(r)
where h(r) is the height of the water above the hole at time ¢, and g = 980 em/s? is
the acceleration of gravity at the surface of the earth. This is Torricelli’s law. To
obtain the equation, we relate the decrease in water level to the outflow. The
volume AV of the outflow during a short time Az is

AV = AvAr
where 4 is the area of the hole. AV must equal to the change AF* of the volume of
the water in the tank.

AV* = —BAh(t)
where AhA(r) (< 0) is the decrease of the height A(f) of the water, and B is the
cross-sectional area of the tank. The minus sign appears because the volume of
the water in the tank decreases. Equating AV and AV* gives

— BAh(t)= AvAt
Now we express v according to Torricelli’s law and then let Ar (the length of the
time interval considered) approach zero. This is a standard way of obtaining an

ordinary differential equation as a model. We have
Ahlt)= —%0.6 2ghlt)As

0.6v/2x 980 = 26.56
(a) (5 points) Find our model, the first-order ordinary differential equation.
(b) (5 points) Evaluate 4/B.
(c) (5 points) Find the general solution of A(r) by separating and integrating the
first-order ordinary differential equation.
(d) (5 points) Find the integration constant and the particular solution of A(r) (h(r)
as a function of ) from the initial height.

(e) (5 points) When will the tank be empty (in hours)?
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[2]. (10 points) The Laplace transform is a powerful method for solving linear
systems of differential equations arising in engineering. Solve the initial value
problem governed by the two ordinary differential equations shown below.

%'——2::—3}' and %:y—lr
where the initial conditions are x =8 and y = 3 when 7 = 0.

[3]. (15 points) From the viewpoint of engineering applications, eigenvalue problems
are among the most important problems in connection with matrices. Matrix
eigenvalue problems concern the solution of the following vector equation

Ax = Ax
where A is a given square matrix and vector x and A are unknown. Given

A-—-F 3} and r(A)= &
5 A +31

Find the eigenvalues and value of determinant of r.(A)‘
[4] A function f(x) represents a periodic wave, defined as f{x) =k if 0 < x < 7 and f(x)
=-k if-r<x<0.
(a) (5 points) Draw the function f(x).
(b) (5 points) Find the Fourier series of f{x).
(c) (5 points) Compute 1 + 1/3% + 1/5%+ .
[Hint: EIE [ rseode=a +% (a® + 2™+ as™+ “+ b+ byt by’+ ), where
a and b are Fourier coefficients. ]
[5] A thin long metal rod with a given initial temperature profile underwent a heat
transfer process can be described by the following PDE:
&=2 oux—bu 0<x<l1 0<t<oo
u(0,t) =0, u(l,t)=0
u(x,0) = sin(x)
(2) (5 points) Explain the physical meaning of the terms *-bu’ and ‘u(1.t) =0".
(b) (5 points) The above PDE can be transformed into a simpler PDE by

u(x,t) = e™ w(x.t)






