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1. Reversible reactions, 4 + 4 «—— B, taking place in a CSTR can be described by the following differential equations:

v‘-;% = Q(ap — a) = Vkia® + Vkqb (1a)
v% = —Qb+Vkia® - Vb ' (16)

where V is the reactor volume, @ is the flow rate, k; and k, are rate constants, ap is the input concentration of A,
and a and b are concentrations of A and B, respectively.
(a) Show that Equations (la) and (1b) can be transformed into the following dimensionless equations: (}’D\)

dz )
-—drl =1-1 —()(1.7.:¥+(¥2.I'3 (lc)
dr

Frl =—22+a11f—0(2132 (1(1)

by introducing the dimensionless variables z, = a/ag, 72 = b/ay. 7 =1Q/V.a; = Vkiay/Q, and ay = V. /Q.

(b) Let the deviation equation of Egs. (1c) and (1d) be defined by

d—zzlg, 1‘=[11}, J= [—1—2&1 o (1le)

I, 20, -1 —-ay

Prove that the system described by Eq. (le) is stable. ( 3/5)
(Note: A system is said to be stable if all eigenvalues of the system matrix have negative real parts)

(c) For ay =1 and a; = 2, the matrix J in Eq. (le) is symmetric and its two eigenvectors are orthogonal to each
other. Show that if \; and \; are two different eigenvalues of a real symmetric matrix A, then the associated
eigenvectors u, and u; are othogonal to each other, i.e. u;-u, = 0. (6-5)

(3

. Let (ti,z;),t = 1,2,---, N, be a sequence of data recorded from an experiment. Find the optimal parameters « and
A in the linear model z(t) = at + 3 such that the sum of squared errors, J = E{L(z. — z(t;))? is minimized.
(Hint: the optimal a and 8 can be found by letting 8J/0a = 8J/08 = 0) (5-/0\)

3. (a) Find the solution y(z) of the initial-value problem ( 7/5)

2 d%y dy dy(0)
L pmi A - = = L =
(z+a) T2 4(z + a)dr + 6y = 0. y(0) =0, i 1 (3)
(b) Find the maximum of y(z). (5/5)
4. Consider the ordinary differential equation
I 2 1 2
Z—f=l£, = |T2|. J=1}-1 0 -2 (4)
I3 k 0 1

(a) Find the eigenvalues of J. ( l/z\>

(b) If k = 0, find the eigenvalues and the associated eigenvectors of J, and then find the general solution of the
differential equation in Eq. (4). (é /b\>

5. (a) The continuity equation for fluid flow is given by

0
5§=—(V~p£), £=(Z> (5)

(4% T78) =R
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Show that a stream function ¥(r,y) can be defined such that du/dr = —dV/dy and dv/dy = O /dx for two
dimensional incompressible flow (p is constant ). ( 5'/7;)

ib) What are Stokes” and Divergence theorems 7 What are their imporrance in the study of chemical engincering
. £ ’
' (©3)

Consider the integral of f(z) = = over a ™ /C
closed rectangular path ' shown in Fig. 1. QA,Q\ é (AQ)
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(a) Shiow thui (5'/7)

+a +4 \ . .
/ e de — / T g 4 / T / o dr o= Q. i =1 {6}
U S JS S8y

where Sp s the line segment from (4.0) to (4, ¢) and Sy is the line seament from (-4, a) to (=A4,0).

(b) Show that. on both S) and S, (3/0‘) . L
=T et (6D

Note that the lengths of S| and S, are equal to a.

i Show that the ltegrals ]S e ds and [\1 ¢ T tend ta sero as A -= o for any fixed value of @ (357)

iy Show that (3;,\)
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(e} The Fourer trausform of o function f(#) is defined by I‘( fir)e ="t = /1. Find the Fourier transform

of emt/2 (3/7)\)

. {a) Show that {4';;)

() Show that (5’7)\)

- The gamma function Tiad a > 0, is defined by the inteeral

Ta) = ..1“"4_"’(.’1 <)
.1/“
. R ) N A~
(a) Show that T{A+ 1=k £ =0,1,2,---. (4’9)
(h) Slow tuat T ) = /7. (4-//5

{ Note: You can use the results of previous problems)

- Use the Laplace transform to find the solution z{r.#) of the problem (IO 9)
7

9= 0:
dr ot

=

=, H0tr=1. a0y =1

where 0 < 1 2 o0 and § < # < sc.



